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Abstract-This work deals with the maneuvering control of the planar motion of a rolling four- 
links robot as described in Figure 1. The system is composed of four links, two identical wheels, and 
a msss mg attached to the joint 0. The problem that is addressed is to develop control laws for 
the rolling four-links robot such that the mass mg performs prescribed maneuvers in the vertical 
(X, Z)-plane. @ 2003 Elsevier Science Ltd. All rights reserved. 
Keywords-bmng four-links robot, Inverse control, Trajectory following. 
1. INTRODUCTION 
In this work, we consider the maneuvering control of the planar motion of a rolling four-links 
robot (RFLR) as described by Figure 1. The RFLR is a constrained multibody system which can 
be considered to be a simplified model of an articulated mobile crane. The system is composed 
of four uniform links, three actuated joints, two identical wheels, one of which is actuated, and 
a mass mo attached to the joint 0. Link k is denoted here by a unit vector ik, k = 1,2,3,4, 
respectively. 
There are a total of four applied torques Tl, Tz, T3, and T+l. Torque Tl is applied at joint PI 
on link 1, T2 is applied at joint P2 on link 2, and T3 is applied at joint P3 on link 3. It is assumed 
that links 2 and 4 are freely pivoted at the joint 0. In addition, it is assumed that Ttil is applied 
at the center of wheel Wl. The application of T*l leads to a rolling motion of wheel Wl. 
The problem addressed here is to develop control laws such that the mass mo performs pre- 
scribed maneuvers in the (X, Z)-plane over a finite-time horizon [0, tf], where tf > 0 is given. The 
required maneuvers are specified in terms of reference trajectories for certain controlled variables 
of the RFLR. 
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Figure 1. The configuration of the rolling four-links robot. 
A procedure is proposed for solving the posed problem. This procedure involves the application 
of two inverse dynamics transformations in order to derive tracking control laws for the RFLR, 
such that the controlled variables track the prescribed reference trajectories. In this manner, the 
RFLR performs the required maneuvers. 
In principle, optimal control theory [l] can be applied to solve the above-mentioned problem. 
However, the proposed procedure is straightforward, direct, and does not involve an iterative 
process as is usually needed in solving optimal control problems. 
2. THE DYNAMICAL MODEL 
Let I, J, and K be unit vectors along an inertial (X, Y, Z)-coordinate system. We take here 
the X-axis as the line which goes through the centers of the two identical wheels. This is done 
for the sake of simplicity and without loss of generality. It is assumed here that the wheels are 
rolling without slipping along a line parallel to the X-axis. Let 
i, = cos(B,)I + sin(B,)K 
be a unit vector along the yth link, v = 1,2,3,4, respectively, and let 
(1) 
k, = - sin(&)1 + cos(&)K (2) 
be a unit vector orthogonal to i,, v = 1,2,3,4, respectively. Note that 
di, de, 
dt = -+ IJ = 1,2,3,4. 
It is assumed here that the RFLR is moving at all times in the (I, K)-plane. 
The length of link k is denoted by Lk, k = 1,2,3,4. Denote by ro = x1 + zK the location of 
the point 0 (see Figure l), where 
2 = L1 sin(&) + L2 sin(82). (4 
Note that the motion of the system is subject to the following geometric constraint: 
L1 sin(&) + L2 sin(&) = L3 sin(&) + L4 sin(&). (5) 
Then, rCk, the location of the center of mass of link k, k = 1,2,3,4, is given by rci = 
r-0 - Lsis - Lclil, rcs = ro - L&s, rcs = ro - L& - Lcsis, and rc4 = r-0 - L&4, where 
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0 < Lci < Li, i = 1,2,3,4. In addition, rwk, the location of the center of wheel k, k = 1,2, 
respectively, is given by 
rwi = ro - Lsis - Liii, rw2 = ro - L&i - Lsis. (6) 
There are a total of n, = 4 applied torques Ti, T2, T3, and T+l. Torque Tl is acting on link 1 
at the joint PI given by rl = ro -L& - Liii; torque T2 is acting on link 2 at the joint P2 given 
by rs = ro - Lsis; torque T3 is acting on link 3 at the joint Pa given by rs = r-0 - L& - Lsis. 
In addition, torque T,J,~ is acting on the axis of wheel 1 at the point given by rwi (note that 
ri = rwi and rs = rw2). 
Denote by mk the mass of link k, and let Lk be the moment of inertia of link k about a vector in 
the direction of J passing through rCk, k = 1,2,3,4, respectively. Also, let mo denote the mass 
attached (or fixed) at (x,z) ( see Figure 1). Using equations (3), (4), and (6), the Lagrangian 
function [2] for the motion of the RFLR system is obtained 
where 
$, = (I!$ v& = 1/%112, i= 1,2,3,4, 
&vi 
vf& = - II II 
2 
dt ’ 
i = 1,2, 
(8) 
rci = ZciI + ZC;K, i = 1,2,3,4, rwi = ZwiI + ZW~K, i = 1,2, mD is the mass of each of 
the wheels, ID = mDa2/2, g is the gravitational acceleration, and a is the radius of each of the 
wheels. Note that in equation (7), zwi = 0, and 2~2 = 0 provided that constraint (5) is satisfied. 
As can be seen from above, the mass mo is considered here as a point mass. 
Denote 
9= FL 82, 03, +1, 04, $2, ZIT, (9) 
[ 
d91 d9g de3 d$l d& d& dx T --- 
p= dt’dt’dt’ dt’ dt’ dt’dt 1 . (10) 
The RFLR has n = 7 generalised coordinates. However, the motion of this system is subject to 
the following (integrable) rolling constraints: 
v&k 
I=.!@ 
dt ’ 
k= 1,2, 
where a is the.radius of each of the wheels, and vWk = *, k = 1,2. In addition, by differen- dt 
tiating both sides of the geometric constraint (5) with respect to time t, we obtain the following 
constraint: 
L12 cos(h) + L2 2 c0s(e2) - 
( 
L3 $ c0s(e3) + ~~ 2 cos(e4) 
> 
= 0. (12) 
There are thus a total of n, = 3 integrable constraints. Consequently, there are n, = n - n, = 4 
independent generalised coordinates. 
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We partition q as follows: 
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% = Pl, 02, 03, hITI qa = p4, $2, xlT, (13) 
and 
p = [P,TY PllT 7 &a P0=x’ 
&b 
Pb=x. (14) 
Equations (11),(12) can be written in the following form: 
Qp=[Qo Qb]p=& (15) 
where 
L1 sin(&) L2 sin(&) 0 -a 
&a= 
[ 
0 0 L3 sin(&) 0 , 
Lo cos(el) Lz c0s(e2) -L3 COD 0 1 _ 0 0 -1 
0 0 1 
L4 sin(84) -a 1 
--L~cos(~~) 0 0 1 ~~ c04e4) , Q;l = 1 -1 -sin(&) , - - a a a c0s(e4) 
-1 0 0 
(16) 
117) 
and where 0 = (0, 0, 0] T. Since det(Qb) = -aL4cos(6’4), it follows that rank(Qb) = 3, except 
when cos(e4) = 0. In this work, we are interested in cases for which the following set, E, defines 
the domain in which the RFLR operates; that is, 
E = {q E 9’ : ej E (0, n), j = 1,3, ei E (-n, ?T), i = 2,4, L1 sin(&) + L2 sin(&) > 0, 
L3 sin(e3) + L4 sin(&) > 0, L1 sin(&) + L2 sin(e2) = LB sin(e3) + L4 sin(e4), (18) 
c0s(e4) z 0). 
The Lagrange equations [2] are given by 
Tj + TjC, j = 1,2,. . . (7. (19) 
Here Tj are the applied torques, Tj = 0, j = 5,6,7, T4 = T+l, and Tjc, j = 1,. . ,7, are the 
constraint torques due to the constraints given by (ll),( 12). The vector of constraint torques 
TC = [TF, Tg, . . . , TylT is given by 
TC=QTA= [ 1 Q,’ n Q: ’ (20) 
and where A = [Xi, X2, &IT is the vector of Lagrange multipliers. 
Thus, using the Lagrangian function (7) and the Lagrange equations, (19), the following equa- 
tions are obtained: 
8s 
M(q) dt2 + H(q, P) = DT + QTk qE E, (21) 
where 
D= ‘04 , [I (22) 
4x4 I4 denotes the unit matrix in ?l2 0 denotes the zero matrix in %3x4, T = [Tl, T2, T3, T+llT, 
M = [mij], i, j = 1, . . . ,7, and H =’ [hl, ha, . . , , h71T. The functions mij, i, j = 1, . . ,7, and h,, 
i=l,..., 7, are given in the Appendix. 
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Following equation (13), the matrices M and H in (21) can be partitioned into submatrices as 
follows: 
(23) 
where Mrr E R*x4, Ml2 E !R4x3, M2r E %3x4, Mzz E !J?sx3, HI E S4, and Hz E @. 
By differentiating both sides of equation (15) with respect to time t, the following expression 
is obtained for %: 
(24) 
where 
- Ll cos(h) 
L4 cos(e4) 
L2 cos(Oa) 
L4 c0s(e4) 
-L3 cos(f33) o- 
L4 c0s(e4) 
Af = Ll W-h + 04) LZ sin(-d2 + e,) (25) 
a c0s(e4) a c0s(e4) 
L3 sin(-e4 + e,) 1 , 
a c0s(e4) 
_ -Ll sin(&) 
Bf = Pfl7 Bf2, Bf31T, 
-L2 sin(&) 0 a- 
Bfl = L4c~s(e4j [-L,sin(Q (2)‘- Lzsin(f32) (z)2+ L3sin(03) (%)2 
Bf2= acofte4j ~4(~)2-L~(~)2~0+-e1+e4)-L2(~)2c0r(Rlie4~ 
de3 2 
+L3 x 
( > 
co+e4 + e,) 1 , 
de1 2 ( > 2 43 = -L~cos(~~) dt - L~COS(B~) 3 . ( > 
(26) 
(28) 
Using equations (21), (23), and (24), the following expression is obtained for the vector of La- 
grange multipliers: 
Mz~++Ma+f$$ +Bf +H2 ) )l q E E. (29) 
Expressions for the individual Lagrange multipliers Xl, X2, X3 are given in the Appendix. 
By inserting equations (23), (24), (29) in equation (21), we obtain 
where 
Ma(s) $$ +H,(q,p) = T, q E 8, (30) 
M, = Ml1 - Q,’ (Q;)-’ (M21+ M22Af) + Ml2Af, (31) 
Ha = HI + (Ml2 - Q; (Q;)-‘Mm) Bf - Q: (QbT)-’ Hz. (32) 
1910 C. FRANGOS AND Y. YAVIN 
The vector q, contains the n, = 4 generaliied coordinates that are in this case under direct 
actuation by the n, = 4 torques, that is, Tl, Tz, T3, and T+l, respectively. 
It can be shown, for a proper set of parameters, that det(M,(q)) > 0, for all q E & (see the 
example given later). Equations (24)) (30)-( 32) constitute the dynamical model for the system 
dealt with here. 
3. INVERSE DYNAMICS TRANSFORMATION 
In this section, a procedure is proposed for determining the maneuvering control law for the 
RFLR. 
First, we begin by introducing the following control law: 
T = Ma(q)v + Ha(q,p), qE&, (33) 
where v = [WI, 212, 213, v.JT. For cases where det(M,(q)) > 0 for all q E E, equations (30) 
and (33) imply 
d2t’1 d202 d2& d2+1 
x=2)1, ==212, -5=v3, x=214, qE E. (34) 
The control law given by (33) is called inverse dynamics control (see, for example, [3]). We refer 
to it here as an inverse dynamics transformation. As is evident from equations (34), the inverse 
dynamics transformation (33) separates the kinematics from the nonlinear RFLR dynamics. 
Second, v is taken here as 
d2qa - = v = v, +K2v,, 
dt2 (35) 
where v, = [vslr w., 7~~3, wlT, 
dt 
i = 1,2,3, ~94 = -h4 -1 dt 
d+l 
Jh = diag(h,kzz, h,b), vc = [QI, ~2, ~3, ~41 T is the reference command vector, and 
where u,i = &,,,,, i = 1,2,3, are the link-angle reference commands for links 1, 2, and 3, 
respectively, and vC4 = d@;tmvl is the angular speed reference command for wheel 1. The coeffi- 
cients kli, i = 1,2,3, kzi, i = 1,2,3,4, are real positive numbers chosen in such a manner that 
the polynomials 
h(s) = s2 + klis + kzi, i = 1,2,3, f4(s) = s + kz4 (37) 
are Hurwitz. 
Third, compute the reference command vector v, so as to satisfy the required maneuvering 
goals. Only cases of trajectory tracking are considered below. 
4. TRAJECTORY TRACKING 
Denote 5~1 = r&;,I and 2~2 = r&,1 (see equation (6)). Define the vector e, 
e = [z, 2, 5~1, ~~21~. (38) 
The elements of e are the controlled variables of the RFLR. Note that * = a %. Using 
equations (4), (13), (24), and (35), the second derivative with respect to time t of the vector of 
controlled variables is 
d2e -= 
dt2 
A d2qa 
mdt2+J%n (39) 
= A,v + B, = A,@, + Kzv,) + B,, 
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where 
-Ll sin(&) -L2 sin(&) 0 a 
* Lz cos(82) 0 0 
m 0 0 a 
A n42 A m43 a + L4 sin(e4) 
Am41 = -L1 sin(&), 
Am42 = -Lz sin(&), 
-4~ = .h sin(&), 
B,= 
+L3 2 ( > 
2 
co+e4 + e,), 
(40) 
(41) 
(42) 
and where 
det(A,) = aLlL2L3 sin(& - 0,) sin(e3). (44) 
It follows from equation (44) that rank (A,,,) = 4, except when cos(e4) = 0 or sin(e3 - 0,) sin(& - 
0,) = 0. In this regard, define the set D c E, 
D = {q E E : sin(& - 0,) sin(e3) # 0 and cos (e4) # 0). (45) 
Introduce the following transformation: 
a = A,(v, + Kzv,) + B,, qE D, (46) 
where a = [ai, as, as, ad] T. Using equations (39),(46), we obtain 
d2x d2z d2xw1 d2xwz 
s=al, -g=a2, F=as, F=a4, q E v. (47) 
The transformation given by (46) can be considered to be a second inverse dynamics transfor- 
mation (following the transformation (33)) and a is a vector to be determined. Note that the 
transformation given by (46) is valid only for cases where q(t) E 2Y for all t E [0, t/l. 
The objective is to compute the vector a, and subsequently, the RFLR reference command 
vector v,, such that the controlled vector e will asymptotically track a given smooth reference 
trajectory in X4 with representation 
eR(t> = (ZR(t), ZR(t), ZWIR(t)> xW2R@)lT, t 2 0. (48) 
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In order for the controlled variables to asymptotically track the reference trajectories, the vari- 
ables ai, i = 1,2,3,4, are chosen as follows: 
d2x -=a1= 
dt2 
d2z 
dt2=a2= 
5+F12($-$9 -F22(z-ZR), 
d2xw1 d2xwm dxwl dXwlR ----=aa=-- 
dt2 dt2 
F13 --- 
( dt dt > 
- F23 (ZWl - XWlR) i 
d2xwz d2XwzR 
dt2=a4= --F--- > 
- F24 (xW2 - XWZR) 1 
(4% 
(50) 
(51) 
(52) 
during the finite-time interval [0, tf], and where {e(O), q} and {eR(O), q} are given, 
and Fli, F2i, i = 1,2,3,4, are specified. positive real numbers such that the polynomials 
gi(s) = s2 + Flis + Fzi, i = 1,2,3,4, (53) 
are Hurwitz. Equations (49)-(52) can be put into matrix form as follows: 
d2e 
2F=a= 
%-Fl($-%)-F2(e-eR), (54 
where Fi = diag[Fii, Fl2, Fl3, Fl4], and Fz = diag[Fsi, F2-2, F23, F7,4]. It follows from 
equations (49)-(52) that 
d’e(t) dkeR(t) ~ o 
- - -  
dtk &k 1 ast-+m, 
k=0,1,2. (55) 
By rearranging the terms of equation (46) (which originate from equation (39)), we obtain 
A,Ksv, = Asv, = a - A,vs - B,. (56) 
Using equation (44), 
det(Ao) = det(A,Ks) = K21K22K23K24aLlL2L3 sin(8i - 02) sin(&). (57) 
It follows that rank(As) = 4 provided q(t) E D, t E [0, tf]. Hence, the reference command 
vector v, can be computed 
v, = A;’ [a - A,vs - B,] , qE VD, (58) 
where 
A;’ = (AmK2)-! (59) 
Thus, the following set of equations has to be solved simultaneously: 
d2e 
dt2=a= 
%--Fl (g-2) -F2(e-eR), 
d9i 
vS~ = -kli- - k2iOiy 
dt 
i = 1,2,3, Wl us4 = --+a---, 
dt 
(60) 
(61) 
v, = A,’ [a - A,v, - B,] , (62) 
d2qa - = v = v, + Ksv, 
dt2 
d2qb d2qa 
-=Afdt2+Bjr dt2 
(63) 
(64) 
provided q(t) E V, t E [0, tf], and where {w, t 2 0, eR(O), w, e(O), v} is given and 
where Af, Bf, and A,, B, appear in equations (24) and (39), respectively. The values of v, are 
computed from equation (62), and v is computed from equation (35). Thus, once v is obtained, 
the RFLR torque vector T can be computed using equation (33). 
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5. RFLR TRACKING MANEUVERS 
The tracking control law proposed in the previous section can be applied to move the RFLR 
from one configuration to another configuration or to perform some maneuver over a finite-time 
horizon [O,tf], tf > 0. The desired RFLR maneuver is specified in terms of the reference data 
{$$$, t 2 0, 4% w}. In addition {e(O), y} is given. 
In this work, we define two cases of tracking maneuvers of the RFLR, Case 1 and Case 2, where 
each case represents a different type of maneuver. 
5.1. Case 1 
In Case 1, point 0 of the RFLR (see Figure 1) is required to track a given trajectory in the 
(X, Z)-plane while the wheels are required to be stationary. 
It is assumed that at the beginning of Case 1 operation (nominally at time t = 0) the wheels 
are stationary. In order that the wheels remain stationary during the tracking maneuver, the 
requirement is that 
d2xw1 (t) 
dt2 
= a3 = 0, d2w4t) = a4 = 0 
dt2 1 t 10, 
dzw1P) 0 d~W2(0) = 0, (65) 
dt= ’ dt 
Thus, using equations (51),(52), 
d2zwm(t) = o d2zwm(t) = o 
dt2 ’ dt2 ’ t 2 0, 
d~wm(O) = o dxwzR(o) 
dt ’ dt 
= 0, (66) 
xWlR(O) = xWl(o), xWZR(0) = ~WZ(o). (67) 
In summary (see equation (48)), 
(68) 
d2eR(t) d2Q(t) 
-= 
dt2 
d2%(t) o o T 
-@--‘7” I 
> tl0, and 
eR(O) = [xR(% zR(% owl, 5W2(“)1T I 
d%(O) dZR(O) d.%(O) 
7 = - - dt ’ dt ’ 
0, 0 T. (69) 1 
5.2. Case 2 
In Case 2, we consider the maneuver of moving the RFLR from an initial configuration to a 
neighbourhood of a given configuration in a time tf > 0. That is, the system has to move from 
a given {e(O), q} to a neighbourhood of a specified {eR(tf), de5ff)}. 
The reference trajectories are taken as fifth-order polynomials so as to obtain relatively smooth 
reference accelerations; that is, 
ZR(t) = cl0 + cllt + c12t2 + C13t3 + C14t4 + Cl&‘, (70) 
Z&t) = c20 + &It + c22t2 + C23t3 + C24t4 + @St’, (71) 
ZWlR(t) = ‘230 + C3lt + c32t2 + C33t3 + C34t4 + C35t5, (72) 
zW2R(t) = c40 + c4lt + C&d2 + c43t3 + C44t4 + C&t5, (73) 
t E [0, tf], and cij, i = 1,2,3,4, j = O,l, 2,3,4,5 are real numbers to be computed from the given 
dues of e&r(O), VI .w, and w, and for the specified {eR(tf), w}. For eR, see 
equation (48). In this work, We choose 
d2%(o) 
-@-- = 0, d2eR(tf) = o dt2 ’ 
where 0 denotes a zero vector in S4 
(74) 
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In general {eR(O), w} will not be equal to {e(O), q}. It then follows from equation (60) 
that {e(t), v} will asymptotically track the reference trajectory {eR(t), w}, t 2 0. Thus, 
{e(tf), q} will in general only be in a neighbourhood of {eB(t,), de5ff)}. The size of this 
neighbourhood depends on tf and the numbers FIN, Fz~, i = 1,2,3,4. 
Note that in the special case where {eR(O), w} = {e(O), q}, it follows from equation (60) 
that {e(t), y} = {eR(t), v}, t 2 0. This means that the controlled variables follow the 
reference trajectories given by equations (70)-(73) exactly. 
6. COMPUTATIONAL RESULTS 
In the examples dealt with here, the following set of parameters has been used: Lk = 1 meter 
and LCk = 0.5 meter, k = 1,2,3,4; a = 0.2 meter, mo = 10 kg, ml = ms = 8 kg, m2 = m4 = 8 kg, 
rno = 5kg, 9 = 9.81m/s2, Ik = (1/12)mkLE, k = 1,2,3,4, and 1~ = (1/2)moa2. It can 
be shown, by calculating the values of det(M,(q)), that, for the above-mentioned values of 
parameters, det(M,(q)) > 142.5 for all q E E. In addition, kli = 9, i = 1,2,3, kzi = 25, 
i=1,2,3, k24=5, Fii=9,i=1,2,3,4,Fzi=25,i=1,2,3,4. 
A fourth-order Runge-Kutta algorithm was applied to solve the above-mentioned cases using 
a time step of A, = 0.005sec throughout. 
6.1. Example 1: Tracking Maneuver in Case 1 
In this example, point 0 is required to move around a circle with radius Rc = 0.5 meter and 
centered at re = 0.11 + l.OK. 
The reference circular trajectory is specified by (see equation (69)): dZ~~(t) = -wiR.+-, cos(wot), 
d’m(t) _ t 1 O, &a - -wg&,sin(wot), t 2 0, z~(0) = 0.6meter, z~(0) = l.Ometer, w = 0, 
dzR(O) - - - 
dt w&, m/s, ws = 2 rad/s. The time horizon is tf = 4.2 sec. 
The initial conditions for the controlled variables are: z(O) = 0.5meter, z(0) = l.O5meter, 
!+$!I = !!$?A = 0,x WI(O) = -0.5meter, x~Q(O) = 0.5 meter. Since the wheels are taken to be 
stationary at t = 0, we have v = 0, v = 0, implying that v = 0, i = 1,2. We 
also assume that &(O) = 0, i = 1,2. 
Hence, using the initial values of the controlled variables, the initial angles and angular veloc- 
ities of the links of the RFLR are obtained as follows: @i(O) M 1.5695 rad, es(O) M O.O50022rad, 
es(O) = 0.55272 rad, 0,(O) M 2.5889 rad, v = 0, i = 1,2,3,4, 
The tracking of the given circular trajectory has been achieved by point 0, and already at 
t = 1.2sec, J(Z(1.2) - 0.1)2 + (z(1.2) - 1.0)2 x 0.499381 meter. Some of the results obtained 
are presented in Figures 2-9. 
6.2. Example 2: Tracking Maneuver in Case 2 
For this maneuver, the initial values of the controlled variables of the RFLR at t = 0 are as 
follows: 5(O) = 0, z(0) = 1 + l/&meter, * = * = 0, zwi(O) = -l/JZmeter, 5w2(0) = 
l/fimeter. The wheels are taken to be stationary at t = 0, v = 0, v = 0. This im- 
plies that q = 0, i = 1,2. Th e initial condition is thus e(0) = [0, 1+ l/a, -l/d, l/a]‘, 
q = [O, 0, 0, 0) T. We also assume that &(O) = 0, i = 1,2. 
Hence, using the initial values of the controlled variables, the initial angles and angular veloc- 
ities of the links of the RFLR are obtained as follows: @i(O) = 7r/2, &(O) = x/4, es(O) = n/2, 
e,(O) = 37r/4, and q = 0, i = 1,2,3,4. 
The controlled variables are required to move from {e(O), q} to {eR(tf) = 15, 0, 4, 61T, 
deR(tf) = [0, 0, 0, OIT}, tf = 4.2sec. In this case, we choose eR(O) = [O.l, 1 + l/a + 
0.1&5+ 0.05, 1/Jz+ O.O5]T, +@ = [O, 0, 0, O]T. 
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Figure 2. Example 1 (Case 1 maneuver): plots of the values of Bcom,l (t) (line l), 
@l(t) (line 2), 6&,,z(t) (line 3), 82(t) (line 4), t E [0, tf]. 
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Figure 3. Example 1 (Case 1 maneuver): plots of the values of 6’,,,,.x(t) (line l), 
e3(t) (line 2), e4(t) (line 3), t E [O,tf]. 
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Figure 4. Example 1 (Case 1 maneuver): plots of the values of v (line l), v 
(line 2), 9 (line 3), w (line 4), t E [O,tf]. 
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Figure 5. Example 1 (Case 1 maneuver): plot of the values of vg(t) = Ilw 11 
(line l), t E (0, tf]. 
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Figure 6. Example 1 (Case 1 maneuver): plots of the values of Tl (t) (line 1) , Tz (t) 
(line 2), Ts(t) (line 3), T+,(t) (line 4), t E [0, tj]. 
m 
Figure 7. Example 1 (Case 1 maneuver): plots of the values of ZR(zR) (line l), z(z) 
(line 2). 
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Figure 8. Example 1 (Case 1 maneuver): plot of the absolute value of the tracking 
error, [(z(t) - z~(t))~ + (z(t) - z~(t))~]‘/~ (line l), t E [0, tf]. 
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Figure 9. Example 1 (Case 1 maneuver): plots of the RFLR at time instants t = k&i, 
Ad = O.Zsec, k = o,l,. . ,21. 
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Figure 10. Example 2 (Case 2 maneuver): plots of the values of ticom,l(t) (line l), 
e,(t) We 2), ecom,2(t) (line 3), e2(t) (line 4), t c 10, tf]. O om,2(t) 02(t)  E f]. 
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Figure 11. Example 2 (Case 2 maneuver): plots of the values of&,,,3(t) (line l), 
es(t) (line 2), e4(t) (line 3), t E [0, tf]. 
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Figure 12. Example 2 (Case 2 maneuver): plots of the values of @&@ (line l), v 
(line 2), v (line 3), * (line 4), t E [O,tf]. 
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Figure 13. Example 2 (Case 2 maneuver): plots of the values of w (line l), 
q (he 2), * (line 3), t E [O,tf]. 
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Figure 14. Example 2 (Case 2 maneuver): plot of the values of vo(t) = II-II 
(line l), t E [O, tf]. 
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Figure 15. Example 2 (Case 2 maneuver): plots of the dues of Tl(t) (line l), Tz(t) 
(line 2), s(t) (line 3), T+l(t) (line 4), t E [O,tf]. 
C. FRANGOS AND Y. YAWN 
I  I  , /  I  I  I  1 I  ,  I  
0 0.5 1 18 2 2.5 3 3.5 4 4.5 5 
m 
Figure 16. Example 2 (Case 2 maneuver): plots of the values of ZR(ZR) (line l), 
z(z) (line 2) (it is difficult to distinguish line 1 from line 2). 
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Figure 17. Example 2 (Case 2 maneuver): plots of the absolute values of the tracking 
errors, [(2(t) - z&t))’ + (z(t) - z~(t))‘]‘/~ (line l), Ilzwi(t) - zWlR(t)II (line 2), 
1jq.+~(t) --2W2R(t)ll (line 3), t E [O, tr] (it is difficult to distinguish line 2 from line 3). 
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Figure 18. Example 2 (Case 2 maneuver): plots of the RFLR at time instants 
t = k&, Ad = 0.2sec, k = O,l,. ,21. 
Polynomial coefficients for the reference trajectories were computed from equations (70)-(73) 
and the data given above, and are as follows: 
Cl0 = 0.1, cl1 = 0, cl2 = 0, cl3 = 0.66138, cl4 = -0.23621, cl5 = 0.022496, 
c20 = 1.8071, ~21 = 0, ~22 = 0, ~23 = -0.24391, ~24 = 0.087112, ~25 = -8.2964 x 10H3, 
~30 = -0.65711, ~31 = 0, ~32 = 0, ~34 = 0.62859, c35 = -0.22450, c36 = 0.021381, 
c40 = 0.75711, ~41 = 0, ~42 = 0, ~43 = 0.70766, c44 = -0.25273, c45 = 0.024070. 
The specified point-to-point maneuver has been achieved by the RFLR, and at t = tf the 
deviations of the controlled variables from the required values are e(tr) - [5, 0, 4, 61T = 
[2.5423 x 10-l’, 2.5423 x lo- lo, 1.2375 x 10-l’, 1.3052 x 10-lO]T, and the velocity components 
of the controlled variables are qp = [1.9020 x lo- g, 1.9020 x lo-‘, 9.6929 x 10-l’, 9.3238 x 
10-lO]T. In addition, [ i!$d,~,~,~,~,~]T = [4,101gx 10-9, 5.~788~ 
10-9, -3.6687 x lo-‘, -2.5491 x 10mg, 1.0555 x 10e8, -1.0451 x 10-‘lT. Some of the results 
obtained are presented in Figures 10-18. 
7. CONCLUSION 
The dynamic model of the RFLR is derived. A procedure is proposed for finding control laws 
for the RFLR such that certain maneuvers are performed. The maneuvers are specified in terms 
of reference trajectories for the RFLR controlled variables. The proposed procedure involves 
the application of two inverse dynamics transformations in order to derive tracking control laws 
such that the controlled variables track the prescribed reference trajectories. In this manner, 
the RFLR performs the required maneuvers. Two cases of maneuvering of the RFLR have been 
defined, namely Cases 1 and 2. The tracking of a circular trajectory by the point 0 in Case 1 
and a different tracking maneuver in Case 2 are dealt with. 
The proposed procedure has proved to be simple and efficient, and can be applied to other 
systems as well. 
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APPENDIX 
The Lagrangian can be written as 
C = ; s 2 (AlI +&I cos2(e1)) + f $ 
( > ( > 
2( A22 + B22 cos2(02)) 
+;(~)2As,+;($)2Ara+;($)2Ass+;(~)2A,7+;(~)2Ags 
+ $ %(A122 sin(6’1) sin(&) + A123 cos(el) cos(e2)) + % 2 Al3 cos(e3) cos(el) 
+ 2 $Als sin(f+) + 2 $$All cos(el) cos(e4) 
+ A23 2 2 c0s(e3) c08(e2) + AZ4 8 % c08(e2) cos(e4) 
+ Azs s g sin(&) + As4 2 2 cos(e4 - e,) + As3 2 g sin(03) 
+ A542 % sin(&) - VI sin(&) - V, sin(&) - V3 sin(e3) - V, sin(04), 
where 
All = m& + ml& + 11, 
Bll = (mo + ml + m2 + m3 + rnd)LT - 2mlLlLcl, 
-422 = moLi + ml LE + I2 + rnzL2c2, 
B22 = (mo - ml + m2 + m3 + rn4)LE - 2rnzLzLc2, 
-433 = rnsL$, + I3 + rnoLz, A44 = 14 + m4Ls4 + rnoLj + m3Li, 
A55=mo+ms+2mo+mr+ml+mp, Am = ID, A88 = ID, 
A122 = mlkxL2 + mDL&, 
Ai23 = LlL2(m0 + m4 + m3 + m2 + mD) - m2LlLC2, 
A13 = -Ll(mDL3 + m&a), A14 = -Ll(mDL4 + kern4 + msL4), 
A15 = (mDL1 + mlkl), A23 = -L2(mDL3 + m3&3), 
A24 = -L2(mDL4 + Lam4 + maL4), A25 = (LC2m2 -k mlL2 + m&2), 
-434 = L4mDL3 + L4m3Lc3, A53 = (mDL3 + ma&s), 
A54 = (mDL4 + Lc4m4 + m34), 
q = g LLlcrnl + m2 + m3 + m4 + m0 + mD) - ml&l], 
V, = 9 [L2(m2 + m0 + mD + m3 + m4) - rnzLc2] , 
h = -dmDL3 + m3&3), b = -g(mDL4 + md4 + mdC4). 
The elements mij, i, j = 1, . . ,7, are given by 
ml1 = All + Bll cos2(e1), ml2 = A122 Sin(81) Sin(&) i- Al23 COS(el) COS(e& 
ml3 = Al3 c0s(e3) cos(h), ml4 = 0, ml5 = Al4 COS(&) co+%), 
ml6 = 0, ml7 = -415 sin(h), m21 = ml2, 
m22 = Az2 + Bz2 cos2(e2), m23 = A23 cos(e3) cos(e2), 
m24 = 0, m25 = A24 cos(e2) -@4), m26 = 0, 
m27 = A25 sin(82), m31 = ml3, m32 = m23, m33 = 43, 
m34 = 0, m35 = A34 c0s(e4 - e3), m36 = 0, rn37 = A53 sin(&), 
m4i = 0, i = 1,2,3,5,6,7, m44 = 10% m5i = mi5, i = 1,2,3,4, 
(75) 
(76) 
(77) 
(78) 
(79) 
G30) 
(81) 
(82) 
(83) 
(84) 
(85) 
(86) 
(87) 
(88) 
(89) 
(90) 
(91) 
(92) 
(93) 
(94 
(95) 
(96) 
(97) 
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ms5 = h, m56 = 0, m57 = AS4Sin(e4), mSi = 0, i = 1,2,3,4,5,7, (98) 
m66 = h m7i = mi7, i = 1,2,3,4,5,6, m77 = ~455. (99) 
The elements hi, i = 1,. . . ,7, are given by 
2 
Bll COS(b$) sin(&) +A122 sin(&) cOs(en) -A123 cOs(el) sin(O2) 
2 
Al3 sin(03) cos(&) - Al4 coS(el) sin(C&) + Vl coS(el), 
2 2 
Bz2 cos(e2) sin(02)+A122 cos(eI) sin(f12)-A123 sin(&) 
(101) 
sin(e3) -(@2)-A24 c0s(e2) sin(e4)+V2 c0s(e2), 
h3 = - 2 Al3 cos(0,) sin(&) -AZ3 cos(t93) sin(&) -A34 sin@4 -e3) (1o2) 
+v, c04e3h 
h4 = 0, hS = 0, (103) 
A14 sin(Q cos(O4) -A24 sin(&) cos(&)+A34 
+v, c0s(e4), 
sin(e4-03) (1o4) 
c0s(e3) 
(105) 
The individual Lagrange multipliers are given by the following expressions: 
-L d2e2 2 x side2 - e4) + L3 co+e4 + e3) - ~~ 
d283 d2$l 
+ LB= sin( -e4 + e3) + c0s(e4ja dt2 1 
d28, d283 
+A25 sin(e2) dtz + A53 sin(e3) dt2 +A5@4&) [-LMG4) (2)’ 
2 2 
(106) 
+ L3 sin(03) 
d281 d282 
+ L1 c44) dt2 + ~~ c0s(e2) dt2 
d-Q3 - L3 c0s(e3) dt2 + L4 sin(&) +A55 [-L,,,e,) (2)’ 
d% d2f12 bh -LI sin(h) dt2 - L2 sin(&) dt2+a dt2 + I() 2 2 AI5 cos(el) 
2 
c04e4), 
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co+-e4 + e3) - ~~ 
+L ;te d2+h 1 3 --$ sin(44 + es) + cos(e4)a dt2 1 - c0s(e4) 1 
(107) 
AI4 sin(&) cos(B4) (108) 
de3 de4 -A34 - - dt dt W-84 + 0,) 
sin(e4) 
~0~2(e~)~2 As8~4(~)2-Ll(~)2cos(e1-e4) 
-L d2h . d2B2 1 dt2 sln(el - e4) - L2 dt2 sin(e2 - e4) + L3 co+-e4 + e,) 
2 88, 
c0s(e2 - e4) + ~~ dt2 8th sin(44 + e3) + c0s(e4)a dt2 1 . 
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